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1. INTRODUCTION 
The simpliest, and most important, class of Krull domains are the fac- 
torial domains (UFDs), i.e., those Krull domains with trivial divisor class 
group. Probably the next simpliest class of Krull domains are the Krull 
domains with torsion divisor class group, i.e., the almost factorial Krull 
domains [21]. Almost factorial Krull domains occur very frequently: 
examples include factorial domains, Krull domains with finite divisor class 
group, and hence any ring of integers of an algebraic number field. 
Moreover, Goldman [16, Corollary 21 has shown that any Dedekind 
domain R has an almost factorial overring A with the same unit group as 
R. The most important property of almost factorial Krull domains is that 
they are precisely the Krull domains R such that each subintersection of R 
is a localization of R. Other characterizations of almost factorial Krull 
domains may be found in [ 131 or [21]. Almost factorial domains have 
also been called semifactorial [ 191 and prefactorial. 
Recently there have been several papers on rings each of whose proper 
localizations or proper overrings satisfy certain ring-theoretic properties, 
for example [4,5, 8,9]. Following Fossum [ 13, p. 811, in [4] we defined 
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an integral domain R to be locally factorial if Rf = R[ l/f ] is factorial for 
each nonzero nonunit f in R. We thus define R to be locally almost factorial 
if R, is an almost factorial Krull domain for each nonzero nonunit f in R. 
Trivial examples of locally almost factorial domains include almost fac- 
torial domains and locally factorial domains. We note that a locally almost 
factorial domain R which is not quasilocal is necessarily a Krull domain 
and R, is almost factorial for each maximal ideal A4 of R (the converse 
need not be true). We will be mainly interested in locally almost factorial 
Krull domains, with particular emphasis given to Dedekind domains. For 
in this case we can relate divisibility properties of R to group-theoretic 
properties of Cl(R), its divisor class group. 
In this paper, we continue our study of “local properties” begun in [3] 
and [4]. In Section 2, we first give two nontrivial examples of locally 
almost factorial integral domains. We then prove some basic results about 
locally almost factorial Krull domains. For example (Theorem 2.5), if R is 
a locally almost factorial Krull domain, then Cl(R) has finite rank; and if 
Cl(R) is not a torsion group, then ([RI) z Z for each height-one prime 
ideal P of R. We then give an example to show that these two properties do 
not characterize locally almost factorial Krull domains. Since Claborn [13, 
Theorem 14.101 has shown that any abelian group can be the divisor class 
group of a Dedekind domain, it is natural to ask which finite rank abelian 
groups can be the divisor class group of a locally almost factorial Krull 
domain. As a partial answer, we show that any finitely generated abelian 
group can be realized as the divisor class group of a locally almost factorial 
Dedekind domain, 
In Section 3, we study those Krull domains each of whose proper sub- 
intersections (or overrings) is an almost factorial Krull domain. We show 
that this holds for a Krull domain R if and only if either Cl(R) is a torsion 
group, or Cl(R) has rank (rk) one and ( [P] ) z Z for each height-one 
prime ideal P of R. In general, a locally almost factorial Krull domain need 
not satisfy this stronger property; however, the two properties are 
equivalent whenever rk Cl(R) < 1. We also show that if G is any abelian 
group with rk G < 1, then there is a Dedekind domain R with Cl(R) = G 
such that each proper overring of R is almost factorial. 
In Section 4, we give several characterizations of Krull domains with 
finite rank divisor class group and extend some results from [3]. The most 
important result (Theorem 4.6) shows that any Krull domain which is not 
already almost factorial has a subintersection which is locally almost fac- 
torial, but not almost factorial. Thus locally almost factorial Krull domains 
occur rather frequently. In the final section, we relate the above properties 
to the local class group of a Krull domain R, G(R) = Cl(R)/Pic(R). 
Throughout, R denotes an integral domain with quotient field K. As 
usual, an overring of R is a subring of K which contains R, and dimension 
LOCALLY ALMOSTFACTORIALDOMAINS 397 
will always mean Krull dimension. Given a Krull domain R, we will denote 
its divisor class group by Cl(R), its Picard group by Pit(R), its set of 
height-one prime ideals by X”‘(R), and the class of a height-one prime 
ideal P in Cl(R) by [PI. All groups G will be abelian groups, the 
homomorphic image of an element x of a group G will be denoted by X, 
and for Xc G, (X) will be the subgroup of G generated by X. For a group 
G, we define the rank of G to be rk G = dim, Q Oz G. Thus rk G = 0 if and 
only if G is a torsion group. Recall that given a short exact sequence of 
abelian groups, 0 -+ A + B -+ C + 0, then rk B = rk A + rk C. 
Let R be a Krull domain with X= X”‘(R). For Y c X, R ,, = 
flJR,lp~ Y> . 1 IS a so a Krull domain, and is called a subintersection of R. 
Our main tool will be Nagata’s Theorem [ 13, Theorem 7.11, which relates 
Cl(R) to Cl(R,). 
THEOREM 1 .l (Nagata’s Theorem). Let R he u Krull domain and R ,, a 
subintersection qf R. Then the natural homomorphism I$: Cl(R) + Cl(R,) is 
surjective and ker I$ is generated by ( [P] 1 PE X- Y}. 
Recall that each localization R, is a subintersection, in fact, R, = R,, 
where Y = {PI P n S = a} [ 13, Proposition 1.81. Thus ker(Cl(R) -+ 
Cl( R,)) is generated by { [P] 1 PE X and P n Sf @}. In particular, for 
LIZ R, ker(Cl(R)-+Cl(R,))=H,= ([PII PEX andfE P). Note that Hfis 
finitely generated since f is contained in only a finite number of height-one 
prime ideals. Each subintersection of R is a localization of R if and only if 
Cl(R) is a torsion group (i.e., R is almost factorial) [13, Proposition 6.71. 
Also, each overring of a Dedekind domain is a subintersection [ 13, 
Corollary 6.61, and a factorial Dedekind domain is just a PID. Any 
unexplained material is standard, as in [ 131 or [ 143. 
2. LOCALLY ALMOST FACTORIAL INTEGRAL DOMAINS 
An integral domain R is locally almost ,factorial if R, is an almost fac- 
torial Krull domain for each nonzero nonunit fin R, i.e., each Cl(R,) is a 
torsion group. Thus by Nagata’s Theorem, R is locally almost factorial if 
and only if each proper localization R, of R is an almost factorial Krull 
domain. A locally almost factorial domain R which is not quasilocal is 
necessarily a Krull domain (cf. [4, Theorem 2.3]), and R,,, is an almost 
factorial Krull domain for each maximal ideal M of R. However, a Krull 
domain R may have R, almost factorial for each maximal ideal M of R 
and yet not be locally almost factorial. For example, let R be any Dedekind 
domain whose divisor class group does not have finite rank (cf. 
Proposition 2.3). Clearly any one-dimensional quasilocal domain is locally 
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almost factorial, so a locally almost factorial domain need not be a Krull 
domain. In fact, a quasilocal locally almost factorial domain with 
dim R > 2 is a Krull domain if and only if M contains an R-sequence of 
length two, or equivalently, A4 is not a t-ideal (cf. [4, Proposition 6.11). 
The most obvious examples of locally almost factorial Krull domains are 
the almost factorial Krull domains. A more interesting, and less trivial, 
class of locally almost factorial Krull domains are the locally factorial 
Krull domains. We next give two nontrivial examples of locally almost fac- 
torial domains. The first example is a Dedekind domain which is neither 
almost factorial nor locally factorial. The second example is a quasilocal 
integral domain which is neither a Krull domain nor locally factorial. 
EXAMPLE 2.1. Let A be a Dedekind domain with Cl(A) = Q. Let 
S = (all finite products of principal primes of A > and R = As. By Nagata’s 
Theorem, R is a Dedekind domain with no principal primes and Cl(R) = Q 
(cf. [4, Proposition 2.101). We show that Cl(R,-) is a nonzero torsion group 
for each nonzero nonunit f in R. Each H,= ([PI ) PE X”‘(R), f~ P) is 
nonzero and finitely generated, and thus by Nagata’s Theorem 
Cl(R,) zz Q/H, is a nonzero torsion group for each nonzero nonunit f in R. 
Thus R is locally almost factorial, but is neither almost factorial nor locally 
factorial. Note that R actually satisfies the stronger property that each of 
its proper overrings is almost factorial (cf. Corollary 3.4). 
EXAMPLE 2.2. Let F be any field and G any abelian group. Then there 
is a quasilocal Krull domain A with maximal ideal M of the form 
A = F+ A4 with Cl(A) = G [ 11, Corollary 21. If k is a proper subfield of F, 
then R = k + A4 is quasilocal, not a Krull domain, and R,.= A, for each 
nonzero f in M (cf. [4, Proposition 6.31). Hence R is locally almost 
factorial if and only if A is locally almost factorial. Thus for suitable choice 
of G (for example, if G is a torsion group which is not finitely generated), 
R = k + M will be locally almost factorial, but not locally factorial. 
We next prove a few elementary results about locally almost factorial 
Krull domains. Recall that H,= ( [P] ) P E X(‘)(R), f E P). 
PROPOSITION 2.3. Let R be a Krull domain and 0 ff E R. Then Cl(R/) is 
a torsion group of and only tf rk H,-= rk Cl(R), and in this case Cl(R) has 
finite rank. Thus R is locally almost factorial if and only if rk Hf= rk Cl(R) 
for each nonzero nonunit f in R. In particular, if R is locally almost factorial, 
then Cl(R) has finite rank. 
Proof: By Nagata’s Theorem, we have the short exact sequence 0 + 
e,+ Cl(R) + CI(Rr) + 0, and hence rk Cl(R) = rk Hr+ rk Cl(Rf). Thus 
Cl(R,) is a torsion group if and only if rk Ht.= rk Cl(R). Since J%, is finitely 
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generated, yf has finite rank. Thus Cl(R) has finite rank if C1(Rf) is a 
torsion group. 1 
Proposition 2.3 corresponds to the fact that a locally factorial Krull 
domain has finitely generated divisor class group [4, Proposition 4.11. 
Also, one may easily construct Dedekind domains with finite rank divisor 
class group which are not locally almost factorial. In Section 4, we will give 
several characterizations of Krull domains with finite rank divisor class 
group. Our next result is the locally almost factorial analogue of [4, 
Proposition 4.21. 
PROPOSITION 2.4. Let R be a Krull domain. If the class of some height- 
one prime ideal of R has finite order in Cl(R), then R is locally almost fac- 
torial if and only if R is almost factorial. In particular, if R has a principal 
prime, then R is locally almost factorial if and only if R is almost factorial. 
Proof Suppose that n[P] = 0 in Cl(R) for some PE X”‘(R) and n 3 1. 
Then (P”)IJ = fR for some nonzero f in R. Thus P is the unique height-one 
prime ideal which contains f, so H, = ( [P] ), and hence H, is a torsion 
group. By Nagata’s Theorem again, Cl(R) is a torsion group if and only if 
Cl(R.0 is a torsion group. 1 
Summarizing Propositions 2,3 and 2.4, we have 
THEOREM 2.5. Let R be a locally almost factorial Krull domain. Then 
(1) Cl(R) has finite rank, and 
(2) Zf Cl(R) is not a torsion group, then ([P] ) z Z for each height- 
one prime ideal P of R. 
Note that if ([P] ) E Z for each PE X”‘(R), then R has no principal 
primes. In fact, if Cl(R) is torsion-free, then clearly each ( [P] ) zz Z if and 
only if R has no principal primes. However, a Krull domain R may have 
( [P] ) E Z for each height-one prime ideal P and yet Cl(R) is not torsion- 
free (cf. Theorem 3.6). We next give an example to show that statements 
(1) and (2) in Theorem 2.5 do not characterize locally almost factorial 
Krull domains. Our example is based on a theorem of Claborn [ 12, 
Theorem 2.11. (A more general version is in [13, Theorem 15.181.) For 
completeness, we state Claborn’s theorem and the necessary terminology. 
Let F= OF=, Ze, be the free abelian group on {en}:= i, and let F, be the 
subset of nonnegative elements under the usual product order. A subset P 
of F, is finitely dense if for each finite set n i ,..., nk of nonnegative integers, 
there is an f = 1 clie, E P with ~1, = n, for 1 <id k. (This is Claborn’s 
condition (a) in [12].) 
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THEOREM 2.6 (Claborn [ 12, Theorem 2.11). Let F be the free abeliun 
group on (en>?=, and P a finitely dense subset of F,. Then there is a 
Dedekind domain R with nonzero prime ideals { M,,}~= 1 such that Cl(R) is 
isomorphic to F/(P) under the isomorphism which sends [M,] to e,. 
The above theorem just states that for such an F and PC F, , there is a 
Dedekind domain R with maximal ideals {M,},“= i such that the 
isomorphism 4: Div(R) + F given by &Mi) = ei also sends Prin(R) onto 
H = (P), and hence induces an isomorphism 4 of Cl(R) = Div(R)/Prin(R) 
onto G = FjH. For f = C a,,e, E F, we define its support to be supp(f) = 
{e,, E FI M, ZO}. By Proposition 2.3, the Dedekind domain R is locally 
almost factorial if and only if rk(supp(f )) = rk G for each 0 #f E H, . We 
will implicitly use the fact that for a subgroup H of F, if P = H, is finitely 
dense, then (P) = H [17, Lemma 1.31. 
EXAMPLE 2.7. An example of a Dedekind domain R which satisfies con- 
ditions (1) and (2) of Theorem 2.5, but is not locally almost factorial. Let 
F= @;=,Ze,. Define uk=ek-ek+,+ek+2, and let H=({u,},“=,). 
Clearly H, is finitely dense in F. Thus by Claborn’s Theorem, there is a 
Dedekind domain R with maximal ideals {M,},“= r such that M, +e, 
induces an isomorphism Cl(R)% G= F/H. It is easy to verify that 
G = Z @ Z with basis (2,) t?, > and that no e, E H. Hence conditions (1) and 
(2) of Theorem 2.5 are satisfied. Let f = u, +u,=e, +e,~ H,, so 
vP(f‘) = {el, e,}. However (e,, e4) = (e, ) has rank one, and thus R is 
not locally almost factorial. Note that if we change uk to uk = 
ek+ek.+l+ek+2, then R is actually locally factorial and Cl(R) = Z @ Z (cf. 
[4, Theorem 4.61). 
Theorem 2.5 leads to the natural 
QUESTION. Which finite rank abelian groups G can be realized as the 
divisor class group of a locally almost factorial Krull domain? 
While we have been unable to completely answer this question, we do 
have several positive results. We next show that if G is any finitely 
generated abelian group, then there is a locally almost factorial Dedekind 
domain R with Cl(R) = G. In the next section (Theorem 3.7), we show that 
each abelian group G with rk G d 1 can be realized as the divisor class 
group of a locally almost factorial Dedekind domain. 
THEOREM 2.8. Let G be a finitely generated abelian group. Then there is 
a locally almost factorial Dedekind domain R with Cl(R) = G. 
Proof: Let G=L”@Zlm,Z@ .*. @Z/m,Z with nZ0, r>l, and each 
m, 3 1. If n = 0, then G is a torsion group; so we may assume that n 2 1. 
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Our proof is modeled after [4, Theorem 4.61, which handles the case in 
which r< 1. Let F= @;-I Ze,. Define u,=ek+ek+, + ... +ek+n+r for 
each k> 1 and vi=miei-miei+, foreach ldi~v,andletH=({u,},“=,, 
ul,..., u,). Clearly H, is finitely dense in F. Thus by Claborn’s Theorem, 
there is a Dedekind domain R with maximal ideals {M,,};= I such that 
M, -+ e, induces an isomorphism Cl(R) z F/H. Note that Zj = 2, whenever 
i =j (mod n + r + 1). Thus F/H = (e, ,..., cn+r+ I ), and clearly F/Hz G. We 
show that for O#~E H,, then I?,,,,..., .Zn+r+l ~supp(f) and e,~supp(f) 
for some 16i<r+ 1. Thus (m,...m,)(F/H)c (supp(f)), hence rk G= 
rk(supp(f)), and thus by Proposition 2.3 R is locally almost factorial. For 
f’= C piei E H, define for each 1 < id n + r + 1, pi = 1 b,, where this is yum- 
med over all j z i (mod n + r + 1). The system of linear equations 
c+r+’ > i;, D, -(n+r)8,=0, l<jdn+r+l (*) 
if/ 
is satisfied by each uk, while the u,‘s satisfy the last n equations (i.e., r + 2 < 
j< n + r + 1). Hence each f E H also satisfies the last n equations in (*). For 
O#f’gH +, clearly fl,#O for each r+2<j<n+r+ 1, and hence S,,,,..., 
en+r+ I E supp(f). If 8, = .. . = /I,+, = 0, then the last n equations in (*) 
imply that also /7r+2= ... =fi,,+r+I = 0, a contradiction. Hence B, #O 
for some l<i<r+l, and thus .?, E supp(f). Hence ei, .z,+~ ,..., 
F?, + I + I E supp(f), and R is locally almost factorial. 1 
In [4, Theorems 4.5 and 4.61, we showed that an abelian group G may 
be realized as the divisor class group of a locally factorial Dedekind 
domain if and only if G = 77” @ Z/mZ for some n > 0 and m > 1. The locally 
almost factorial case seems to be much more difficult. Part of the difficulty 
stems from the fact that there is no nice classification theorem for finite 
rank abelian groups. 
3. KRULL DOMAINS ALL OF WHOSE PROPER OVERRINGS 
ARE ALMOST FACTORIAL 
Rather than just consider localizations, one can also ask when each 
proper overring or subintersection of an integral domain R is an almost 
factorial Krull domain. If R is not quasilocal, then each proper overring of 
R is a Krull domain if and only if R is a Dedekind domain [S, 
Proposition 2.111 (also, cf. [4, Theorem 3.11 and [ZO] ). If R is quasilocal, 
then each proper overring of R is a Krull domain if and only if each proper 
overring of R is a PID; this case has been completely characterized in [S, 
Proposition 2.121 (also, cf. [4, Proposition 6.83 and [20]). We will thus 
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restrict our attention to the case in which R is a Krull domain. We next 
characterize when each proper subintersection of a Krull domain is almost 
factorial. Recall that each subintersection of R is almost factorial (or 
equivalently, R is almost factorial) if and only if each subintersection of R 
is a localization of R [ 13, Proposition 6.71. 
THEOREM 3.1. Let R be a Krull domain with divisor class group 
G = Cl(R). Then the following statements are equivalent. 
(1) Each proper s&intersection of R is almost factorial. 
(2) Let A and B be proper subintersections of R with A c B. Then B is 
a localization of A. 
(3) Either G is a torsion group (i.e., R is almost factorial), or rk G = 1 
and ( [P] > z 7 for each height-one prime ideal P of R. 
Proof The above remarks show that statements (1) and (2) are 
equivalent. (1) = (3) For PE X”‘(R), let T(P) = n{Ro 1 Q E X(‘)(R) - 
{P} f. By Nagata’s Theorem, we have the short exact sequence 0 + 
( [P] ) + G + Cl( T(P)) -+ 0. By hypothesis Cl( T(P)) is a torsion group. 
Thus if any [P] has finite order, then G is also a torsion group. Otherwise, 
each ([P])z.& and thus rkG=l. (3)*(l) By Nagata’s Theorem as in 
the proof of (1) =z- (3) each T(P) has torsion divisor class group. Thus each 
proper subintersection of R is almost factorial. 1 
Theorem 3.1 is the analogue of [4, Proposition 3.21 which states that 
each proper subintersection of a Krull domain R is factorial if and only if 
Cl(R) is cyclic and may be generated by the class of any height-one prime 
ideal. Recall that an integral domain R is called a QR-domain if each over- 
ring of R is localization of R. For more information about QR-domains, 
one may consult [ 14, Sect. 271. In particular, the QR-Krull domains are 
precisely the almost factorial Dedekind domains. In the special case in 
which R is a Dedekind domain, then each overring of R is a subintersec- 
tion [ 13, Corollary 6.61. We thus obtain the following result of K. Levitz 
[ 18, Theorem 3.1.31. 
COROLLARY 3.2. The following statements are equivalent for a Dedekind 
domain R with divisor class group G = Cl(R). 
(1) Each proper overring of R is almost factorial. 
(2) Each proper overring of R is a QR-domain. 
(3) Let A and B be proper overrings of R with A c B. Then B is a 
localization of A. 
(4) Either G is a torsion group (i.e., R is almost factorial), or rk G = 1 
and no ideal class contains a maximal ideal offinite order. 
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Note that a Dedekind domain R may be locally almost factorial and yet 
have a proper overring which is not almost factorial. By Theorem 2.8, there 
is a locally almost factorial Dedekind domain R with Cl(R) = Z 0 Z. 
However, by Corollary 3.2 some proper overring of R is not almost 
factorial since rk Cl(R) = 2. However, in the special case in which 
rk Cl(R) = 1, these two notions coincide, and we are able to obtain some 
much sharper results. 
PROPOSITION 3.3. Let R be a Krull (resp. Dedekind) domain with 
rk Cl(R) = 1. Then the following statements are equivalent. 
(1) Each proper x&intersection (resp. overring) of R is ulmost 
factorial. 
(2) Let A and B be proper subintersections (resp. overrings) of R with 
A c B. Then B is a localization of A. 
(3) R is locally almost factorial. 
(4) ( [P] > z Z for each height-one prime ideal P qf R. 
Proof By our earlier remarks, statements (1) and (2) are equivalent. 
(1) = (3) is always true and (3) * (4) follows from Theorem 2.5. (4) 3 (1) 
follows from Theorem 3.1 and Corollary 3.2. 1 
If Cl(R) is both torsion-free and rank one (i.e., a subgroup of Q), then 
we can do even better. 
COROLLARY 3.4. Let R be a Krull (resp. Dedekind) domain with divisor 
class group Cl(R) a torsion-free rank one abelian group. Then the following 
statements are equivalent. 
(1) Each proper subintersection (resp. overring) of R is almost 
factorial. 
(2) R is locally almost factorial. 
(3) R has no principal primes. 
Proof Since Cl(R) is torsion-free, (3) holds if and only if ([P]) z Z 
for each height-one prime ideal P of R. 1 
We have already seen that (2) = (1) of Corollary 3.4 may fail if 
rk Cl(R) > 1. Theorem 3.7 will show that (3) 3 (2) of Corollary 3.4 may fail 
if Cl(R) is not torsion-free. 
EXAMPLE 3.5. Let R be a Dedekind domain with Cl(R) = G. If S = {all 
finite products of principal primes of R}, then A = R, is a Dedekind 
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domain with no principal primes and Cl(A) = G. Next, let B= R(X) = 
R[X]r, where T= {f~ R[X] If’ IS manic}. Then B is a Dedekind domain 
with Cl(B) = G [6, Theorems 5.2 and 5.41. Note that B has many principal 
primes since aX- 1 is prime in B for each nonzero nonunit a in R. Thus for 
each torsion-free abelian group G of rank one, there are Dedekind domains 
A and B with Cl(A) = Cl(B) = G such that A is locally almost factorial and 
B is not locally almost factorial. 
We next show that any abelian group G with rk G < 1 is the divisor class 
group of a locally almost factorial Dedekind domain. We will need the 
following result of A. Grams [ 17, Corollary 1.61. 
THEOREM 3.6. Let G he an ahelian group, S a subset of G, and S’= 
S U -S. Then there is u Dedekind domain R with divisor class group 
Cl(R) = G such that the classes which contain maximal ideals are precisely 
the elements of S’ tf and only tf S generates G. 
THEOREM 3.7. Let G be an ubelian group. 
(1) Jf rk G < 1, then there is a Dedekind domain R with Cl(R) = G 
such that each proper overring of R is almost factorial. 
(2) Jf rk G > 1 and G is not torsion-free, then there is a Dedekind 
domain R with Cl(R) = G such that R has no principal primes and R is not 
locally almost factorial. 
Proof (1) Clearly we may assume that G is not a torsion group. Let 
X={geGJg has infinite order} and Y=(g~Glg has finite order}. By 
hypothesis X is nonempty. Let S = X. Then (S) = G since for any g E X 
and he Y, g+hEX and h=(g+h)-(g+O). By Theorem3.6, there is a 
Dedekind domain R with Cl(R) = G such that the ideal classes which con- 
tain maximal ideals are precisely the elements of S’ = S IJ - S = S. Thus 
( [P] ) z Z for each maximal ideal P of R, and hence each proper overring 
of R is almost factorial by Proposition 3.3. 
(2) Since G is not torsion free, we may choose a 0 # g E G with finite 
order. Let Xand Y be as in (l), and let S=A u(g). Then (S)=G, so by 
Theorem 3.6 again there is a Dedekind domain R with Cl(R) = G such that 
the ideal classes which contain maximal ideals are precisely the elements of 
S’ = S U - S. Thus R has no principal primes and some [P] has finite 
order in Cl(R). Thus by Theorem 2.5, R is not locally almost factorial. 1 
The second construction in Example 3.5 also shows that for any abelian 
group G with rk G > 1, there is a Dedekind domain R with Cl(R) = G such 
that R is not locally almost factorial. 
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4. OVERRINGS AND FINITE INTERSECTIONS 
In Proposition 2.3, we showed that the divisor class group of a locally 
almost factorial Krull domain has finite rank. As mentioned earlier, one 
may easily construct Dedekind domains with finite rank divisor class group 
which are not locally almost factorial. Our next result, which characterizes 
the Krull domains with finite rank divisor class group, is the analogue of 
[3, Theorem 2.31, which gives a similar characterization of the Krull 
domains with finitely generated ivisor class group. 
THEOREM 4.1. The following statements are equivalent for an integral 
domain R. 
(1) R is a Krull domain and Cl(R) has finite rank. 
(2) R is a Krull domain and R, is almost factorial for some nonzero f 
in R. 
(3 ) There are nonzero x and y in R such that R = R ~ n RI’ and R ‘; and 
R,. are each almost factorial Krull domains. 
(4) There are nonzero x,,..., x, in R such that R = R,, n . .. n R,n and 
each R 1, is an almost ,factorial Krull domain. 
Proqf It is clear that (3) = (4) and (3) => (2) since a finite intersection 
of Krull domains is again a Krull domain. Both (4) j (1) and (2) 3 (1) 
follow from Proposition 2.3. Thus we need only prove (1) * (3). So let R 
be a Krull domain with finite rank divisor class group Cl(R) = G. We may 
assume that R is not factorial, and hence R has infinitely many height-one 
prime ideals. Since G has finite rank, there are P, ,..., P, E X”‘(R) such that 
rk([P,],..., [P,])=rkG. Then choose 0#x~P,n ... nP,. We may 
assume that these are the only height-one prime ideals which contain 
X, and thus H,= ([P]~PEX(‘)(R), XEP)= ([P,],..., [P,]). By 
Proposition 2.3, R, is an almost factorial Krull domain. By [3, 
Lemma 2.23, Cl(R) is generated by { [P] 1 PE X”‘(R) - (P, ,..., P,} }. 
Hence there are height-one prime ideals Qi ,..., Qm, distinct from P, ,..., P,, 
such that rk([Q,],..., [Q,])=rkG. Choose yE(Q,n ... nQ,)- 
(P, u u P,). Then rk H, = rk G, so R, is also an almost factorial Krull 
domain. Since x and y belong to no common height-one prime ideals, we 
have (x, y), = R, and thus R = R, n R, [4, Lemma 2.11. i 
In [3, Theorem 2.71, we showed that any Krull domain with countable 
divisor class group is an intersection of two factorial subintersections. In a 
similar manner, one may prove the following result. 
THEOREM 4.2. Let R he a Krull domain whose divisor class group has 
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countable rank. Then R is an intersection of two almost factorial subintersec- 
tions. 
It is natural to ask if each Gull domain is an intersection of two almost 
factorial subintersections; however, as in [3], we know of no Krull domain 
which is not actually an intersection of two factorial subintersections. 
Theorems 2.10 and 2.11 of [3 J also have analogues for Krull domains with 
finite or countable rank divisor class group; we leave their exact 
restatement and proof to the interested reader. 
We next give several results which show that while locally almost fac- 
torial Krull domains may appear to be rather pathological, they really 
occur quite frequently. In particular, in Theorem 4.6 we show that if a 
Krull domain R is not almost factorial, then some subintersection of R is 
locally almost factorial, but not almost factorial. By Theorem 2.5, a 
necessary condition for R to be locally almost factorial and not almost fac- 
torial is that no [P] have finite order in Cl(R). Our next result shows how 
to arrange this. 
LEMMA 4.3. Let R be a Krull domain and Y = (PE X”)(R) 1 [P] has 
,finite order}. Then the subintersection A = 0 {R, ( P E X”‘(R) - Y} is a 
localization sf R, A has no height-one prime ideals of finite order, and 
rk Cl(A) = rk Cl(R). 
Proof For each P E Y, there is a 0 #.x, E P such that (P”), = x,R for 
some n 3 1. Let S be the multiplicatively closed set generated by 
{xpj PE Y}. Then A = R, [13, P roposition 1.81. By Nagata’s Theorem, we 
have the short exact sequence 0 + H -+ Cl(R) + Cl(A) + 0, where H = 
( [P] 1 P E Y) is a torsion group. Thus rk Cl(R) = rk Cl(A). If some 
[PSI E X(‘)(R,) has finite order, say n[Ps] =0 for n> 1, then n[P] E H, 
and hence [P] E H, a contradiction. Thus no height-one prime ideal of A 
has finite order in Cl(A). 1 
The localization A = R, of R in Lemma 4.3 has the following two 
interesting properties: First, if T is any subintersection of R such that T has 
no height-one prime ideals of finite order, then A c T; and second, if T is 
any subintersection of R with rk Cl(T) = rk Cl(R), then Tc A. Lemma 4.3 
is the analogue of the fact that Cl(R,) = Cl(R) and R, has no principal 
primes when S = {all finite products of principal primes of R}. In [4, 
Theorem 5.11, we showed that if R is a Krull domain with nonzero finitely 
generated divisor class group, then some localization of R is locally fac- 
torial, but not factorial. Next, we generalize that to 
THEOREM 4.4. Let R be a Krull domain whose divisor class group has 
,finite positive rank. Then some localization of R is locally almost factorial, 
but not almost factorial. 
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Proof: Our proof is by induction on n = rk Cl(R). If n = 1, let S be as in 
the proof of Lemma 4.3. Then rk Cl(R,) = 1 and ([PI ) z Z for each 
P E X”‘(R,). By Theorem 3.3, R, is locally almost factorial, but not almost 
factorial. So we may suppose that rk Cl(R) = n > 1. By Lemma 4.3, we may 
assume that R has no height-one prime ideals of finite order. If R is not 
locally almost factorial, then R, is not almost factorial for some nonzero 
nonunit ,f in R. By Nagata’s Theorem, we have the short exact sequence 
0 -+ H/+ Cl(R) -+ Cl(Rf) -+ 0. By assumption, neither Cl(R./) nor H, is a 
torsion group, so 1 < rk Cl(Rf) < rk Cl(R). By induction hypothesis, some 
localization of R, is locally almost factorial, but not almost factorial. Thus 
some localization of R is locally almost factorial, but not almost 
factorial. i 
We next show that each Krull domain which is not already almost 
factorial has a subintersection which is locally almost factorial, but not 
almost factorial. The key idea for the proof is 
LEMMA 4.5. Let G be an abelian group with rk G 3 1 and Xc G such 
that (A’) = G. Then there is a Y c X such that rk G/( Y) = 1. 
Proof. Let 2 be a maximal independent subset of X. Thus 
rk(Z)=rkG and IZl>l. Choose ZEZ and let Y=Z-{z}. Then 
rk(Z)/( Y) = 1, and thus rk G/(Y) = 1. 1 
THEOREM 4.6. Let R be a Krull domain which is not almost factorial. 
Then some subintersection of R is locally almost factorial, but not almost 
factorial. 
Proof: Let G = Cl(R) and X= { [P] 1 P E X”‘( R)}. Since rk G 3 1 and 
(X) = G, by Lemma 4.5 there is a Y c X such that rk G/H = 1, where 
H= (Y). Let A = fi(RpI [P] EX- Y}. By Nagata’s Theorem, 
Cl(A) = G/H. Then let B = A, as in Lemma 4.3. Thus Cl(B) has rank one 
and no [P], PE X”‘(B), has finite order. By Theorem 3.3, B is the desired 
subintersection. 1 
Note that the proof of Theorem 4.6 actually shows that R has a subinter- 
section A which is not almost factorial, but each proper subintersection of 
A is almost factorial. The analogue of Theorem 4.6 for locally factorial 
Krull domains need not be true, that is, a Krull domain R which is not 
factorial need not have a subintersection which is locally factorial, but not 
factorial. The question of when such locally factorial subintersections exist 
is studied in [4, Sect. 51. The essential difference between the two cases is 
that the analogue of Lemma 4.5 for finitely generated quotient groups may 
fail, i.e., if G = (X), then there need not exist a Y c X such that G/( Y) is 
finitely generated and nonzero (e.g., let G = Q, and X = { 1, 1, 4 ,... } ). 
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5. THE LOCAL CLASS GROUP 
Let R be a Ku11 domain. One can define G(R), the local class group of R, 
by G(R) = Cl( R)/Pic(R), [2] or [IO]. Functorial properties of G(R) 
similar to those of Cl(R) are given in [lo]. In [ 1, Theorem 3.11, it is 
shown that G(R) = 0 if and only if R, is factorial for each maximal ideal 
M of R. Similarly, G(R) is a torsion group if and only if each R, is almost 
factorial [ 1, Theorem 3.31. Rather than investigate when each Cl(R/) is 
zero or torsion, we can ask the same questions for G(R,.). If R is not 
quasilocal, we get nothing new. 
THEOREM 5.1. Let R he a Krull domain which is not quasilocal. Then the 
following statements are equivalent. 
(1) G(R) = 0 (resp. is a torsion group). 
(2) G( R,-) = 0 (resp. is a torsion group) for each nonzero nonunit f 
in R. 
(3) G( R,) = 0 (resp. is a torsion group) for each proper localization R, 
?fR. 
(4) G( R,,,,) = 0 (resp. is a torsion group) for each maximal ideal M 
ofR. 
(5) G(A) = 0 (resp. is a torsion group) for each proper subintersection 
A ofR. 
Proof: (l)*(2)*(3)*(4) and (l)*(5) are each clear since 
G(A) -+ G(B) is surjective for any Krull domain A and subintersection B. 
As (5) = (4) trivially, we need only prove (4) =z. (1). Since Pit is trivial on 
quasilocal domains, G( RM) = 0 for each maximal ideal M of R if and only 
if each R, is factorial, and thus by the above mentioned [ 1, Theorem 3.11, 
G(R) = 0. The proof for the torsion case is similar using [ 1, 
Theorem 3.31. 1 
What happens when R is a quasilocal Krull domain? Clearly 
Theorem 5.1 is valid for R a quasilocal one-dimensional Krull domain. If R 
is quasilocal, then Pit(R) = 0 and hence G(R) = 0 (resp. is torsion) if and 
only if R is factorial (resp. almost factorial). Thus, for instance, (1) = (2) 
(2)0(3), (l)-(4); but (2)*(l) may fail. 
EXAMPLE 5.2. Let R be a two-dimensional quasilocal Krull domain 
with maximal ideal M. Then R/ is a Dedekind domain for each nonzero f 
in M. Hence Pic( R/) = Cl( R,-), and thus G( R,) = 0 for each nonzero f in M. 
Hence any two-dimensional quasilocal Krull domain R which is not 
factorial satisfies (2) but not (l), of Theorem 5.1. For a specific example, 
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let k be a field and R = k[X”, XY, ~](x”,xr,~~. Then G(R) = Cl(R) = Z/d 
(cf. [7, Example 41). 
The above example also shows that for a Krull domain R, while 
Cl(R) + Cl(RJ is always surjective, Pit(R) + Pic(Rf) need not be surjec- 
tive (cf. [15-J). Let R be a two-dimensional quasilocal Krull domain which 
is not factorial and contains a principal prime $ Then Pit(R) = 0, but 
Pic( Rf) # 0. For if Pic( R,) = Cl(&) = 0, then also Cl(R) = 0 by Nagata’s 
Theorem, a contradiction. 
If we assume that each proper overring A of R is a Krull domain with 
G(A) zero or torsion, then R is either one of the quasilocal domains 
characterized in [S, Proposition 2.121 or a Dedekind domain (in which 
case G(R) = 0 also). 
ACKNOWLEDGMENTS 
We would like to thank R. Gilmer for informing us about [ 181 and K. Levitz for providing 
us a copy of her thesis [ 181. 
REFERENCES 
1. D. D. ANDERSON, Globalization of some local properties in Krull domains, Proc. Amer. 
Math. Sot. 85 (1982) 141-145. 
2. D. D. ANDERSON, n-domains, overrings, and divisorial ideals, Glasgow Marh. J. 19 (1978), 
199-203. 
3. D. D. ANDERSON AND D. F. ANDERSON, Finite intersections of PID or factorial overrings, 
Canad. Math. Bull. 28 (1985), 91-97. 
4. D. D. ANDERSON AND D. F. ANDERSON, Locally factorial integral domains, J. Algebra 90 
(1984), 2655283. 
5. D. D. ANDERSON, D. F. ANDERSON, D. E. DOBBS, AND E. G. HOUSTON, Some tiniteness 
and divisibility conditions on the proper overrings of an integral domain, Comm. Algebra 
12 (1984), 1689S1706. 
6. D. D. ANDERSON, D. F. ANDERSON, AND R. MARKANDA, The rings R(X) and R(X), 
J. Algebra 95 (1985), 96115. 
7. D. F. ANDERSON, The divisor class group of semigroup ring, Comm. Algebra 8 (1980), 
4677476. 
8. D. F. ANDERSON AND A. BOUVIER, Ideal transforms and overrings of a quasilocal integral 
domain, Ann. Univ. Ferrara Sez. VII (N.S.), to appear. 
9. D. F. ANDERSON, D. E. DOBBS, AND J. A. HUCKABA, On seminormal overrings, Comm. 
Algebra 10 (1982), 1421-1448. 
10. A. BOUVIER, The local class group of a Krull domain, Canad. Mark Bull. 26 (1983), 
13-19. 
11. L. G. CHOUINARD II, Krull semigroups and divisor class groups, Canad. J. Math. 33 
(1981), 1459-1468. 
12. L. CLABORN, Specified relations in the ideal group, Michigan Malh. J. 15 (1968), 249-255. 
410 ANDERSON AND ANDERSON 
13. R. M. FOSXJM, “The Divisor Class Group of a Krull Domain,” Springer-Verlag, New 
York/Berlin, 1973. 
14. R. GILMER, “Multiplicative Ideal Theory,” Dekker, New York, 1972. 
15. R. GILMER, On the ideal class group of a flat overring, Arch. Math. 37 (1981), 48-51. 
16. 0. GOLDMAN, On a special class of Dedekind domains, Topology 3 (1964), 113-118. 
17. A. P. GRAMS, The distribution of prime ideals in a Dedekind Domain, Bull. Austrul. Math. 
Sot. 11 (1974), 429441. 
18. K. B. LEVITZ, “Finiteness Properties of Certain Rings,” Doctorial dissertation, Florida 
State Univ., Tallahassee, 1971. 
19. E. MEZZETI AND W. SPANGHEZR, Semifactorialitt: locale et anneaux de fractions gCntralisb, 
Boll. C/n. Mat. Ital. B (5) 17 (1980), 1321-1337. 
20. J. L. MOTT AND R. GILMER, On proper overrings of integral domains, Monatsh. Math. 72 
(1968), 61-71. 
21. U. STORCH, Fastfaktorielle Ringe, Schr$tenreihe Murh. Inst. Univ. Miinster Ser. 2 36 
(1967). 
